A Unique Continuation Theorem o f a Parabolic Differential Equation
By Taira SHIROTA Osaka University (Comm. by K. KUNUGI, M.J.A., Oct. 12, 1959) 1. Introduction. Let G be a convex domain of the euclidean n + 1-space R7 , x (-00 < t < + 0 , -00 <X7 < +00 ('i =1, 2, .. , ii)), containing a curve C: {(t, xi(t)) t E [a, b] }, where x1(t) E C2 [a, b] .
Consider real solutions u of an inequality of the following kind:
(1.1) au(t, x) _ a2 (t, x) a2u(t' x) au(t, x) + u t, x . a xiaxj 1 axi Here ((a1(t, ix))) denotes a positive definite, symmetric matrix of real valued functions aij(t, x) e C2(G), and M a constant.
Our purpose in this note is to prove the following theorem for solutions of (1.1).
Theorem. If a is a solution of (1.1) in the convex domain G and if for any a>0,
The method is based upon the ideas of H. 0. Cordes [2] and E. Heinz [3] . The tools used are all elementary, but our proof is somewhat complicated.
2. The Cordes' transformation.
(s >0), let A(t) be the positive square root of the matrix A(t) _ ((a7j(t, x(t)))). Let 
a xi ax, ar r Fir r ayi where p(t, y), pi(t, y) and the operator N satisfy the following conditions: 3. The first inequality.
Using the above lemmas, we will deduce the Heinz' inequality with respect to (1.1). For this purpose we may assume that 2 L1(u) =q(t, x) au -a2 (t, x) a u +b2(t,
where q(t, x)(> a > 0) e C1(t, r, pa), ai;(t, x) e C°(t, x), bi(t, x) e C°(t, x) and the coefficients of Ne C1(t, r, coa) (0< r < R) for fixed, suitable polar coordinates (r, cpa) of x. Furthermore we may assume that u satisfies the condition (1.2) with ;(t)=0
for to [-s, 1]-s]. Put Dr0 , K0= {(t, x) 0< t < 1 and I x < r0 A K01t} and let pro, K0(t, x) be such that: (1) it is in C2(Dr0, KO-{0}), (2) its carrier is contained in Dr0, K0, (3) K0=1 in DIr0, 210-{0} and (4) v=u ? r0, K0 also satisfies the condition (1.2).
Furthermore let f be a monotone decreasing, smooth function such that f (t) =1 for t < !-, f (t) > 0 for t < 1 and f(1) = 0. -3 Let a (t) = a f (t) + (n -2). Finally let yo (t) be a monotone increasing, smooth function such that c(t)=t for t < 1, cp(t)=1 for t>_ 1 -4 2 and let Da(t) =cp(t)2aeko. Then we see the following Lemma 3. For sufficiently small r0 and sufficiently large K0 and k there is a constant a0 such that for any a > a0,
a2kK1
I v I2r-a(t)cDa(t)dxdt
where Ko, K1, K2 are constant numbers depending only the derivatives with respect to t, r, and co, of q of order ~ 1, the derivatives with respect to t, r of the coefficients of N, and f of order < 1, which are independent of systems of polar-coordinates {cp p}. (Here and in the following proofs we denote such constants by K.) (Outline of the proof). By the usual limit processes [1, 2] we may assume that the coefficients of L1 and v are sufficiently smooth. 1 (a(t)-n+2) and u=r~`t'z. Then we see that 2 ffi L1(v) I2r2-a(t)~a(t)dxdt From cp'>0 it implies that for any K there is a number ko such that for k > ko
Let j9(t) =
Therefore by partial integrations with respect to t and r and from III in § 2 and the relation f' ~ 0, it follows that (3.3) > fff{r3q2a(z1 ~ t)2+a2roa(z1r)2-2(a-2)r2q~azlr.z~t Therefore tending a --00, we see that u(t, y) = 0 for t c 1 , !j, r _< r0/3K0.
- 4 3 Since, in the above proof, the numbers s, 1 and 2 may be re- 4 3 placed by arbitrary small and large numbers respectively, we see that u(t, x) =0 in a neighbourhood of C in (a, b) X R~. Then by a topological argument and from Lemma 1 and Lemma 4 also, we see that u(t, x)=0 in the horizontal component stated in § 1.
Another detailed proof of Theorem and the results in my previous paper [4] with other consequences will be published in the Osaka Mathematical Journal next year.
